It is clear that | μ k \ is the characteristic function of the set Q k+1 of (k + l)-free integers (positive integers whose prime factors are all of multiplicity less than k + 1). Further relations with Q k+1 are given in §'s4 and 5.
The asymptotic formula for M k (x) is given in the following theorem. where φ(n) and J k (n) are the totient functions of Euler and Jordan* given by
THEOREM 1. If k^ 2 we have
We also have the Euler product representation 2* Lemmas. The proof of Theorem 1 is based on a number of lemmas. The first two lemmas follow easily from the definition of the function μ k . The proof of Lemma 3 is a straightforward exercise.
The next lemma relates μ k to μ k _ L .
Proof. By Lemmas 2 and 3, the sum on the right is a multiplicative function of n. To complete the proof we simply verify that the sum agrees with μ k (n) when n is a prime power. LEMMA 
If k^ I we have
Proof. Again we note that both members are multiplicative functions of n which agree when n is a prime power. 
where σ a (r) is the sum of the ath powers of the divisors of r, and s is any number satisfying 0 < s < 1/k. (The constant implied by the O-symbol is independent of r.)
Proof. In the sum defining F r (x) the factor μ k^{ r k~ι n) = 0 if r and n have a prime factor in common. Therefore we need consider only those n relatively prime to r. But if (r, n) = 1 the multiplicative property of μ k^ gives us where in the last step we used Lemma 1. Therefore we have
Using Lemma 5 we rewrite this in the form
At this point we use the relation
, valid for any fixed s satisfying 0 <J s < 1, to obtain
If we choose s so that 0 < ks < 1 we have 
3. Proof of Theorem 1. In the sum defining M k (x) we use Lemma 4 to write
Using Lemma 6 we obtain
The sum in the first term is equal to
The sum in the O-term in (5) is equal to
which completes the proof of Theorem 1. To deduce (4) from (2) we note that (2) From our Theorem 1 we have
The two formulas (7) and (8) show that among the (k + l)-free integers, k > 1, those for which μ k (n) = 1 occur asymptotically more frequently than those for which μ k (n) = -1; in particular, these two sets of integers have, respectively, the densities This is in contrast to the case k = 1 for which it is known that 
This is easily verified by noting that both members are multiplicative functions of n that agree when n is a prime power, or by equating coefficients in the Dirichlet series identity (14) given below in § 5 Inversion of (9) gives us
Cohen's asymptotic formula states that for k ^ 2 we have
where A k is the same constant that appears in our Theorem 1. To deduce Theorem 1 from (11) we use (10) to obtain
Conversely, if we start with equation (9) (14) is also equivalent to equations (9) and (10).
From (12) and (14) 
